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ABSTRACT 

We derive the Cardy-Verlinde entropy formula for the held theory that lives 
on the boundary of an asymptotically de Sitter space with a black hole. The 
boundary theory which is not conformal has a monotonic C-function dehned by 
the Casimir energy. The instability of the space due to Hawking radiation from 
the black hole corresponds to an RG how from the IR to the UV during which 
C increases. The endpoint of black hole evaporation is de Sitter space which is 
described by a conformal theory at the UV hxed point of the RG how. 
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1. Introduction 


Holography is believed to be one of the fundamental principles of the true 
quantum theory of gravity[l,2]. An explicitly calculable example of holography is 
the much-studied AdS/CFT correspondence. Unfortunately, it seems that we live 
in a universe with a positive cosmological constant which will look like de Sitter 
space-time in the far future. Therefore, we should try to understand quantum 
gravity or string theory in de Sitter space preferably in a holographic way. Of 
course, physics in de Sitter space is interesting even without its connection to the 
real world; de Sitter entropy and temperature have always been mysterious aspects 
of quantum gravity[3]. (For previous work on this subject see [4-7].) 

Recently, a holographic duality between de Sitter space-time and an Euclidean 
CFT living on the de Sitter boundary was conjectured[8,9]. This dS/CFT cor¬ 
respondence is similar to the well-known AdS/CFT correspondence. The main 
supporting evidence for the conjecture seems to be the asymptotic conformal sym¬ 
metry on the boundary (as in [10]) and the behavior of the boundary correlation 
functions. However, there are some important differences between the AdS/CFT 
and the dS/CFT dualities. For example, the CFT dual to de Sitter space is Eu¬ 
clidean and not unitary. This makes the interpretation of concepts such as energy, 
temperature, central charge etc. quite difficult. On the other hand, if the CFT 
truly describes the physics of de Sitter space, then it has to account for the nonzero 
entropy and temperature of de Sitter (or asymptotically de Sitter) space. 

Using the AdS/CFT duality, it was shown that the entropy of a CFT on S'^ 
(dual to an AdS black hole background) is given by the Cardy-Verlinde formula[11] 

where and Ec are the extensive and Casimir parts of the CFT energy and R is 
the radius of S‘^. The Cardy-Verlinde formula reproduces the Bekenstein-Hawking 
entropy [12,13] of the black hole in the bulk. With a simple identihcation between 
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Ee, Ec and Lq, c eq. (1) becomes the well-known Cardy formula for two di¬ 
mensional (unitary) CFTs[14]. It is surprising that the AdS/CFT correspondence 
implies that the formula applies to higher dimensional CFTs as well. In ref. [15] 
it was conjectured that a very similar formula (with a sign change) describes the 
entropy of a Euclidean CFT which is dual to asymptotically de Sitter space. Then, 
with a proper dehnition of de Sitter energy, the modihed Cardy-Verlinde formula 
accounts for the entropy of the cosmological horizon. The validity of the Cardy- 
Verlinde entropy formula is even more surprising in the de Sitter case because the 
boundary CFT is not unitary. On the other hand, there seems to be some circum¬ 
stantial evidence for both the dS/CFT correspondence and the Cardy-Verlinde 
formula[8,9,15-27]. 

In this paper, we derive the Cardy-Verlinde formula for asymptotically de 
Sitter spaces using the classical metric, the asymptotic conformal symmetry and the 
Bekenstein-Hawking formula. Thus, if we take the Bekenstein-Hawking entropy 
as a fundamental feature of quantum gravity we are led to the (modihed) Cardy- 
Verlinde entropy formula for a CFT in d dimensions. The reason for the existence 
of such a formula for CFTs in more than two dimensions which are not unitary 
is not clear. We then show that there is an effective boundary theory dual to 
asymptotically de Sitter space with formulas for energy and entropy similar to 
those of two dimensional CFTs. This theory has a monotonic C-function which is 
dehned by the Casimir energy. We show that C is a nondecreasing function of the 
energy on the boundary. For an asymptotically de Sitter space (with a black hole) 
C < Cds'i therefore, the boundary theory is not conformal, i.e. it sits away from 
the hxed point with Cds- The existence of a modihed Cardy formula for entropy is 
even more mysterious in this case since the boundary theory is neither unitary nor 
conformal. We interpret the instability in bulk time i.e. the Hawking radiation 
from the black hole as an RG how of the boundary theory from the IR to the UV. 
As time passes the black hole evaporates and its mass decerases. This corresponds 
on the boundary theory to an RG how from the IR to the UV during which C 
increases. When the black hole completely evaporates and all the radiation crosses 
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the cosmological horizon, M —0 and C c^s- This final state which is the pure 
de Sitter space is stable and corresponds on the boundary to a CFT (at a UV 
fixed point). Thus, the boundary description of Hawking radiation is integrating 
in degrees of freedom in a flow towards the UV. C is also bounded from below 
due to the existence of an upper bound on the black hole mass. This Nariai 
black hole corresponds to an unstable UV fixed point of the boundary theory. For 
asymptotically dS's spaces with mass M we find that C = Cds for any M. The 
absence of an RG run agrees with the fact that in three dimensions M describes not 
a black hole but a pointlike mass with no horizon; there is no Hawking radiation 
in this case. 

The paper is organized as follows. In section 2 we give the derivation of the 
Cardy-Verlinde entropy formula from the AdS/CFT correspondence. In section 
3 we repeat the same exercise for the dS/CFT correspondence. In section 4 we 
describe the effective CFT and how it is related to Hawking radiation from a black 
hole in asymptotically de Sitter space. Section 5 includes a discussion of our results 
and our conclusions. 

2. The Cardy—Verlinde Formula from the AdS/CFT Correspondence 


In this section we derive the Cardy-Verlinde formula for the entropy of a CFT 
on using the AdS/CFT correspondence. This was implicitly done in ref. [11]; 
here we review it in order to show (in the next section) that exactly the same 
exercise can be repeated for the dS/CFT correspondence. 

Consider a large black hole (i.e. with R» L) in AdS^ with the metric 


ds^ = —(1 + 


2GdM 


L2 


hr)dr + (1 + 


r2 2GdM^_^ 


) '^dr^ + r‘^d^Vtd-2 ( 2 ) 


„d-3 


L2 


r.d —3 


where L ^ = A, Gd is the Newton’s constant and M is the mass parameter of the 
black hole. The position of the horizon is given by R which solves 



2GdM 

Rd-^ 


( 3 ) 
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This can be used as a definition of the black hole mass parameter (M = Mi + M 2 ) 


J^d—3 


( 4 ) 


The real quantity we need is the energy of the black hole as an excitation in 
AdSd- In principle the AdS^ vacuum may also have nonzero energy. In fact in ref. 
[28] it has been shown that the AdS^i vacuum for d odd has nonzero energy due 
to the contribution from the anomalous Casimir effect. (For even d the anomalous 
Casimir energy vanishes.) Thus, the total energy in AdS^ can be written as = 
Ec\a + Ebh- However, we are only interested in the excitation energy of the black 
hole and therefore we will subtract the contribution Ec,a of the AdSd vacuum. 
Then, from the calculation of the Brown-York tensor [30] the energy of the black 
hole in AdS^ is found to be 


EAdS = ^ ( 5 ) 

Consider now the CFT on the boundary of AdSd, (at r >> L) which is an S^~‘^ of 
radius r. Due to the conformal symmetry of the boundary (the boundary metric 
is fixed up to conformal transformations) we can rescale the boundary coordinates 
so that the has the same radius as the black hole, R» L. From the metric 
in eq. (2) we see that the energy of the boundary CFT is redshifted hy L/R 
comprared to EAdS- Using the connection between the central charge of the CFT 
and Newton’s constant c = 3L'^~‘^/Gd we get 


Ecft 


c{d-2) V , F 
487r ^ i?2 


( 6 ) 


where V = R^~^ is the volume of the boundary. The energy of the CFT Ecft = 
Ee + Ec has two contributions. The first term, Ee, is the usual extensive term 
which describes the energy of the {d — 2)-dimensional CFT gas. The second term. 
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Ec, is sub-extensive and gives the Casimir energy of the CFT on The 

Hawking temperature of the black hole is 


Th 


^((rf_l) + (rf_3) 



(7) 


Therefore, the boundary CFT is at a temperature given by Tqft = {L/R)Th due 
to the redshift. Using 

we obtain the entropy of the CFT 


Sc FT = 


c U 
12 


dvr 

id-2) 


-Ra/ EeEc 


(9) 


which is the Cardy-Verlinde formula for the entropy of a CFT on It is easy 

to see that eq. (9) reproduces the Bekenstein-Hawking entropy[12,13] 


ScFT = Sbh 


A 

4^ 


( 10 ) 


Of course, using the Hawking temperature is equivalent to using the Bekenstein- 
Hawking entropy formula. We stress that this is not a derivation of the Bekenstein- 
Hawking formula but a validation of eq. (9) assuming that eq. (10) a fundamental 
component of any quantum theory of gravity. 

We found that a (large) black hole in AdS^ is holographically described by 
a thermal state of the boundary CFT with a central charge given by the bulk 
parameters L and G^. The conformal symmetry of AdS^ is broken by the black 
hole; in the boundary CFT this corresponds to the nonzero temperature Tcft 
(or radius of the boundary). This black hole is stable and does not radiate which 
means that the boundary CFT is at thermal equilibrium. 
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The above derivation of the Cardy-Verlinde formula used three pieces of input. 
The hrst is the metric in eq. (2) which gives the equation for the position of the 
black hole horizon (which is the equation for the mass of the black hole). The 
metric also determines the redshift between EacIS and Ecft- The second is the 
conformal symmetry of the boundary of de Sitter space which allowed us to rescale 
the coordinates so that the boundary has a radius equal to that of the black 
hole. The third is the Hawking temperature of the black hole or equivalently the 
Bekenstein-Hawking entropy which should be valid in quantum gravity. 

3. The Cardy—Verlinde Formula and the dS/CFT Correspondence 


It seems that the same three pieces of input used in the above derivation of 
the Cardy-Verlinde formula are also present in the case of asymptotically de Sitter 
space. Since the metric for a black hole in dSd is very similar (to that in eq. (2) 
with only a sign change) we expect that the dehnition of mass and the energy 
redshift will also be similar to the AdSd case. Moreover, there is an asymptotic 
Euclidean conformal symmetry on the boundary which can be used to rescale the 
coordinates. Therefore, we can repeat the steps in the previous section for the 
dS/CFT correspondence and derive the modihed Cardy-Verlinde formula. 


We now consider a d-dimensional asymptotically de Sitter space, i.e. a black 
hole in dSd described by the metric 

ds = -(I - -- )dt +A + J2- ^d-3 ) +rdQd-2 ( 11 ) 

where L~^ = A. The cosmological horizon is at r = i? < L which is given by 


1 - ^ 


2GdM 


= 0 


( 12 ) 


L2 J^d-i 

As before this can be used as a dehnition of the black hole mass parameter (M = 
Ml - M 2 ) 


M = 


2Gd 2GdL‘2 


(13) 


As in the AdSd case the real quantity we need is the energy of the black hole as 
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an excitation in dSd- In principle the dS^ vacuum may also have nonzero energy. 
Recently, in ref. [24] it was shown that (in a manner very similar to the AdS^ case) 
the dSfi vacuum for d odd has nonzero positive energy due to the contribution from 
the anomalous Casimir effect (whereas for even d the energy vanishes). Thus the 
total energy in dS^ can be written as Ei^s = Ec,a + Ebh- However, as before, we 
are only interested in the excitation energy of the black hole and therefore we will 
subtract the contribution Ec,a of the pure dS^ vacuum. 

Asymptotically de Sitter space in d dimensions has two space-like boundaries 
for t ^ oo and t —> — cx) denoted by and I~ respectively. It has been shown 
from the calculation of the Brown-York tensor (on the future boundary I~^) that 
the energy of dSd with the black hole is 

The minus sign arises if we take as the boundary of dSd (for I~ the sign 
is positive) which is a convention. Then, as the black hole mass parameter M 
increases both the entropy of the cosmological horizon and the total energy of the 
space decrease. Note that with this convention the energy of the space is negative 
and it vanishes only for pure dS^- 

Consider now the Euclidean CFT on J"*", (at r >> L which is way beyond the 
cosmological horizon) which is an of radius r. Note that for r > R, gu > 0 
and Qrr < 0 so in this region r is time-like and t is space-like. For r » R the 
metric in eq. (11) becomes 

^2 r2 

= {-p 2 )dt^ — (—)dr^ + r‘^d^^ld -2 (15) 

We see that the boundary at r >> i? is Euclidean and given by i? x Due 

to the (Euclidean) conformal symmetry of the boundary we can again rescale the 
boundary coordinates so that the S^~‘^ has the same radius as the cosmological 
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horizon, R < L. From eq. (15) we see that the energy of the boundary theory 
should be redshifted by L/R comprared to E^s. Using c = we get 


Ecft 


c(d-2) y F 

48ir L-i-l ^ _fj2 


(16) 


Ecft = Ee — Eq has two contributions. The hrst term, Ee, which is positive is 
the usual extensive term which describes the energy of the CFT gas. The second 
term,—U( 7 , which is negative is sub-extensive and gives the Casimir energy of the 
Euclidean CFT on 

In this case, the temperature of asymptotically de Sitter space (or the cosmo¬ 
logical horizon) is 

(17) 

The temperature of the CFT is given by Tqet = {L/R)Tds- Using 

— (^), (-> 

we hud the entropy of de Sitter space to be 

Soft = Ee\Ec\ (19) 

This is the modihed Cardy-Verlinde formula for asymptotically de Sitter spaces 
which reproduces the Bekenstein-Hawking entropy of the cosmological horizon. 

The Cardy-Verlinde formula in eq. (19) holds for both pure and asymptotically 
de Sitter spaces. For example, consider, dS^ which is described by a CFT on the 
boundary. In this case, the cosmological horizon is at i? = L and we hud Ee = Ec 
and Eqet = 0 (since there is no black hole). The redshift factor is one and we 
hud Tcet = l/27rL. The entropy of the space becomes Scft = as 

expected. We can write the Cardy-Verlinde formula in eq. (19) in a suggestive 



form that looks like the original Cardy formula for an effective CFT. If we make 
the identihcations 

ASttREq <—>■ (d — ‘2)cds 2 ttRE(jpj' > (d — 2)Lq (20) 

then the extensive part of the energy is given by {2nR/{d — 2))Ep = Lq + 0 ^ 5 / 24 . 
The plus sign in the above formula is the modihcation required in the Euclidean 
CFT case dual to de Sitter space. Its origin is the sign change in metric in eq. (11) 
when one goes from AdS to dS space. (Another interpretation of the sign change 
is to take the negative Casimir energy to imply a negative central charge, c < 0. 
This is not surprising since we know that the CFT dual to dS^ is not unitary.) 
Using eq. (20) the modihed Cardy-Verlinde formula for the entropy becomes 

s = (io + If) (21) 

We hnd that dS^ is described by a thermal state of the boundary (Euclidean) CFT 
with Cds = This picture is very similar to the one that describes the 

AdS black hole in the boundary CFT. Both the AdS^ black hole and pure dS^ 
are described by a thermal state of a conformal boundary theory. Eq. (21) can 
be considered as a modihed Cardy formula. It is quite surprising to hnd that the 
entropy of the Euclidean CFT on the boundary of de Sitter space is given by this 
formula which is known to apply to two dimensional unitary CFTs. However, in 
this case the CFT lives in more than two dimensions and is not unitary. 

4. The Effective CFT and Asymptotically de Sitter Spaces 

If d-dimensional de Sitter space is described by a (d—l)-dimensional Euclidean 
CFT on the boundary what would be the description of an asymptotically de Sitter 
space with a black hole? This space does not have the conformal symmetry of the 
pure de Sitter space due to the existence of the black hole. Thus it must be de¬ 
scribed by a boundary theory which is not conformal. For example, if the de Sitter 
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space corresponds to a fixed point of the boundary theory then the asymptotically 
de Sitter space would live away from the hxed point. In addition, for M > 0, the 
temperature of the asymptotically de Sitter space (or the cosmological horizon) 
is lower than the Hawking temperature of the black hole. As a result, this space 
is unstable due to Hawking radiation from the black hole. As time increases the 
black hole mass M decreases due to Hawking radiation. Finally after the black 
hole completely evaporates and all the radiation crosses the cosmological horizon 
we reach a stable state which is pure de Sitter. In the dS/CFT correspondence 
time evolution in the bulk is dual to the RG flow (from the IR to the UV) on the 
boundary theory[19,24]. Therefore, we expect to describe Hawking radiation by 
this RG flow from the IR to the UV, i.e. by integrating in UV degrees of freedom 
on the boundary theory. The asymptotically de Sitter space is described by a 
nonconformal held boundary theory with a monotonic G-function. As time passes 
the black hole evaporates and C increases due to the RG how. Finally the black 
hole disappears and we reach a pure de Sitter space. On the boundary theory C 
reaches the (conformal) UV hxed point with C = c^s which is the end of the RG 
how. 

The central charge of dS^ can be obtained from the Gasimir energy of the 
boundary theory by the identihcation in eq. (20). On the other hand, the Gardy- 
Verlinde formula is valid for asymptotically de Sitter spaces as well. On the other 
hand, the Gardy-Verlinde formula is valid for asymptotically de Sitter spaces as 
well. By the same reasoning we dehne the G-function of the nonconformal bound¬ 
ary theory which describes the asymptotically de Sitter space (with a black hole) 
by making the identihcations 

ASttREq > (d — 2)G 2tiREb]^]j ^ {^d — 2 )Lq (22) 

Here we have called the total energy Ebnd (since the theory is not conformal) 
and dehned the G-function for the theory. Then the extensive part of the energy 
is given by {2tiR/ (d — 2))Ee = Lq + G/24. The modihed Gardy-Verlinde formula 


10 



for the entropy becomes 




(23) 


It is quite surprising to see such a formula for the entropy of a theory which is 
not even conformal (in addition to being not unitary). However, we note that 
the conformal symmetry of the boundary theory is broken by the nonzero black 
hole mass M (or R < L) and by the Hawking radiation which means M is time 
dependent. On the boundary this translates into a scale dependent radius R for 
the volume of . 

From eq. (24) we hnd that 


C 


3R^-^L 


Cds 


j^d-3 


(24) 


For nonzero black hole mass M, R < L and therefore C < Cds- This is simply a 
restatement of the fact that for any nonzero M the cosmological horizon is smaller 
than the horizon for the pure de Sitter case. The asymptotically de Sitter space 
corresponds to a nonconformal theory on the boundary since we are away from the 
hxed point. The C-function dehned above satisfies the two requirements of the 
c-theorem. First, it is a monotonic function of the scale or energy of the boundary 
theory, i.e. it increases as the theory flows from the IR to the UV. As the black hole 
evaporates, M decreases and Ebnd increases since Ebnd ~ —M. In addition, the 
radius of the cosmological horizon, R (which can be written as i? ~ L — aM in any 
dimension) increases which means that C increases with the energy. The second 
requirement is satished because C becomes equal to the central charge when the 
theory becomes conformal. From eq. (24) we see that C c^s at the UV hxed 
point since then R ^ L. 

The relation between time evolution in the bulk of dS^ and the RG how on 
the boundary theory was demonstrated for the pure dS^ case[19,24]. Here we show 
that the same relation continues to hold for the asymptotically de Sitter spaces[15]. 
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For this purpose it is better to use the cosmological coordinates dehned by 


p{t, r) = re 


— nrp T IL 


T(t,r) + - 1) 


( 25 ) 


Then the metric for the asymptotically de Sitter space in eq. (2) becomes 


= —N^dt^ + h{dp + N^^drY + 


2 I „2jri2 


(26) 


where 


^ \ _o 

^ ~ ~Y ' FFTT^ ) P 


1 - 


L^Vi) 


N^ = 


y2 

^0 


p 


1 L 


= 


Vv 


rW^ 


(27) 


where Vq = 1 — r‘^ jL? and V = 1 — r‘^ jL? — 2GM/r^~^. From the above metric 
we see that a time translation is equivalent to a rescaling of p on the boundary. 
Therefore time evolution is dual to an RG flow in the boundary theory even for 
asymptotically de Sitter spaces with a black hole. 

We can now interpret the dynamical instability (in bulk time) in the asymp¬ 
totically de Sitter space due to Hawking radiation from the black hole as an RG 
flow from the IR to the UV on the boundary theory. Hawking radiation from the 
black hole decreases M and therefore increases R and C. Above we saw that time 
evolution in the bulk corresponds to a scale transformation on the boundary the¬ 
ory. As time passes in the bulk the black hole Hawking radiates and its mass gets 
smaller. However, as M decreases the energy of the asymptotically de Sitter space 
and therefore the energy of the boundary theory increases. {Eqft is negative and 
increases with decreasing M. For dS^ Eqft = 0.) Thus, the description of Hawk¬ 
ing radiation on the boundary is an RG flow from the IR to the UV. Hawking 
radiation from the black hole looks like integrating in UV degrees of freedom on 
the boundary theory which is the reason behind the monotonic rise of C. At the 
end of black hole evaporation (and after all the radiation crosses the cosmological 
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horizon) M = 0 and R = L so we reach de Sitter space. From the boundary point 
of view, this is described by an RG flow with an increasing G-function which ends 
at the UV hxed (conformal) point with C = c^s- 

We see that, (for a given A or L) G is bounded from above by Cds which 
corresponds to a UV hxed point describing pure de Sitter space. On the other 
hand, G is also bounded from below by the fact that the smallest cosmological 
horizon is obtained by including the largest possible (Nariai) black hole in the 
space [29]. In this case, the cosmological horizon is at = [{d — 3)/{d— 1)]A^ so 
the minimal value of G is Gmm = [{d — 3)/{d — l)]^^~^^/‘^Cds- There is no bulk state 
which gives a lower entropy for thwe cosmological horizon; therefore there is no 
boundary theory with a smaller value of the G-function. However, the Nariai black 
hole is not a stable conhguration. A small perturbation (such as decreasing the 
black hole mass) destabilizes the solution. When the black hole horizon becomes 
slightly smaller than the cosmological horizon, the black hole starts radiating and 
gets smaller and smaller (until it completely evaporates). We conclude that the 
Nariai black hole corresponds to an IR (UV unstable) hxed point on the boundary 
theory. 

As an example, consider a black hole of mass M in dS 4 which is described by a 
boundary theory with a G-function given by eq. (24). As the black hole radiates 
M decreases, but R and G increase. When the black hole completely evaporates, 
Af —0 and R ^ L. Then 


3RL 3L2 
^ ^ ^dS 

^d 


(28) 


The boundary theory becomes conformal since this is the UV hxed point of the RG. 
The lower bound on G which arises from the Nariai black hole is Cmin = 

Asymptotically de Sitter space with d = 3 is a special case since there is only 
one (cosmological) horizon even for M > 0. In this case, M does not describe a 
black hole but a point mass with neither a horizon nor Hawking radiation. From eq. 
(24) for G we see that C = 3L/Gd = c^s for any M. Therefore, asymptotically dS '3 
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space with any mass M is described by a CFT at a fixed point of the boundary 
theory. Different masses correspond to different Lq as given by eq. (20); i.e. 
different excitations of the same CFT. In this case the lack of RG running on the 
boundary theory corresponds to the absence of Hawking radiation in the bulk. 
Note that in this case the boundary theory is 1 + 1 dimensional and conformal; 
therefore the existence of a Cardy-like formula for the entropy is less puzzling. 

The Euclidean field theory on describes the cosmological horizon in de Sitter 
space (with or without a black hole). In particular the Cardy-Velinde formula gives 
the entropy associated with the cosmological horizon. It seems more difficult to 
describe the black hole horizon and the entropy associated with it by using the 
Cardy-Verlinde formula. If we insist on using the Cardy-Verlinde formula for the 
black hole entropy, we need a theory that lives on a boundary with a radius equal 
to that of the black hole horizon, Certainly this theory does not live on 
since it has a larger radius Rcos in order to describe the cosmological horizon. In 
any case the boundary theory on has a different entropy and temperature that 
those required to describe the black hole. The only alternative is to have another 
theory on I~ with radius Rhh- Then through the Cardy-Verlinde formula this 
theory will automatically provide the correct black hole entropy and temperature 
in an identical way to the cosmological horizon described above. The possibility 
of two different theories on the two boundaries and I~ is only possible because 
of the existence of the black hole. In pure de Sitter space lightlike curves connect 
the antipodal points on and I~ and the correlator between these point are 
singular. As a result, the two CFT are copies of each other and there is only one 
independent CFT on one of the boundaries. The situation is different for the de 
Sitter black hole which has a very different Penrose diagram[3]. In this case, no 
such identification between the two boundaries seems to exist. Thus, it seems that 
we may be able to put two different theories on the two boundaries. 

5. Conclusions and Discussion 

In this paper we gave a derivation of the Cardy-Verlinde entropy formula for 


14 



the dS/CFT correspondence using the metric, the asymptotic conformal symmetry 
and the Bekenstein-Hawking entropy in the bulk. This is certainly not a derivation 
of the Bekenstein-Hawking entropy. However, if we believe that the area law is 
a fundamental feature of a true theory of quantum gravity, it would imply the 
Cardy-Verlinde formula for the dual field theory on S'^. As we saw the Cardy- 
Verlinde formula can be put in a form very similar to the original Cardy formula 
by simple identihcations. When the bulk geometry is de Sitter (asymptotically de 
Sitter) the boundary theory is conformal (not conformal). It is quite surprising to 
hnd this formula for de Sitter spaces since the boundary CFT lives in more than 
two dimensions and is not unitary whereas the original Cardy formula was derived 
for two dimensional unitary CFTs. On the other hand, it is even more puzzling to 
hnd that the formula is valid for nonunitary and nonconformal boundary theories 
in more than two dimensions as we learn from the asymptotically de Sitter spaces. 

We also described asymptotically de Sitter spaces with a black hole by a non¬ 
conformal theory on the boundary with a C-function, C < c^s which is hxed by 
the Casimir energy. We showed that C* is a nondecreasing function of the energy 
on the boundary. In this description. Hawking radiation from the black hole can 
be seen as an RG how from the IR to the UV in the boundary theory. Since, 
as the black hole evaporates C increases this looks like integrating in degrees of 
freedom in the boundary theory. At the end of black hole evaporation (and after 
all the radiation crosses the cosmological horizon), we reach de Sitter space which 
corresponds to the UV hxed point of the boundary theory with C = c^s, i-e. a 
CFT. In addition, due to the existence of a maximum size black hole in de Sitter 
space, C is also bounded from below. The Nariai black hole corresponds to an IR 
(unstable UV) hxed point of the boundary theory. For asymptotically de Sitter 
space in d = 3 we hnd that C = Cds for any M. Thus there is no RG run on the 
boundary which agrees with the fact that there are no black holes which radiate 
in dSs- 

The description of asymptotically de Sitter spaces by the dS/CFT correspon¬ 
dence is somewhat disappointing since the CFT lives on the future (or past) bound- 
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ary which is way beyond the cosmological horizon and not accessible to an observer. 
In our opinion, a more satisfying description would describe the space by degrees 
of freedom that live on the horizon and are accessible to an observer. There is such 
a description for black holes in terms of strings with rescaled tensions that live on 
the stretched horizon[31-35]. A similar description can also be given for pure de 
Sitter space[18]. It seems that the same kind of description can be generalized for 
the asymptotically de Sitter space. Since both descriptions have the same number 
of degrees of freedom, i.e. the same entropy, there must be a (probably nonlocal) 
mapping between them. It would be interesting to hnd the connection between 
these two descriptions of de Sitter space. 
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